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In this work we study the influence of the symmetry energy and its slope on three major properties
of neutron stars: the maximum mass, the radii of the canonical 1.4M⊙ and the minimum mass
that enables the direct URCA effect. We utilize four parametrizations of the relativistic quantum
hadrodynamics and vary the symmetry energy within accepted values. We see that although the
maximum mass is almost independent of it, the radius of the canonical 1.4M⊙ and the mass that
enables the direct URCA effect is strongly correlated with the symmetry energy and its slope. Also,
since we expect that the radius grows with the slope, a theoretical limit arises when we increase this
quantity above certain values.
PACS numbers: 21.65.Ef, 24.10.Jv, 26.60.Kp
I. INTRODUCTION
Although nuclear matter properties are well known
around the saturation point, the physics of very high den-
sity and strongly isospin-asymmetric matter is far from
being completely understood. This extreme region is im-
portant to determine the main properties of an exotic
object, the neutron star. Neutron stars are compact ob-
jects maintained by the equilibrium of gravity and the
degenerescence pressure of the fermions together with a
strong nuclear repulsion force due to the high density
reached in their interior.
In the present work we focus on the properties of nu-
clear matter at sub-threshold density, which we describe
with the relativistic quantum hadrodynamics (QHD) [1].
QHD is an effective model where the strong interaction
is simulated by the exchange of massive mesons through
Yukawa potentials. In the present work, we use the
scalar-isoscalar σ meson, and the vector-isoscalar ω me-
son to describe the properties of symmetric nuclear mat-
ter, and the vector-isovector ρ meson to correct the value
of the symmetry energy [2] and describe effects of isospin-
asymmetric matter. This σωρ model is the standard
model of QHD in the current literature [3–5]. Within
this model, once the coupling constant of the ρ meson
is fixed the symmetry energy and its slope are estab-
lished. Since the slope of the symmetry energy is im-
portant to constrain the neutron stars radii [6], another
parameter is necessary if one wants to vary the slope
without varying the symmetry energy and vice-versa. To
accomplish this task, we include the scalar-isovector δ
[a0(980)] meson in a more complete σωρδ model [7, 8].
The effects of the δ meson in asymmetric matter were
already studied in several topics as the neutron radii [9],
linear response [7, 8, 10] and even neutron star proper-
ties [11, 12], however, in a different approach. Instead
of worrying about the strength of the coupling constant
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of the delta meson with the baryons [8, 11, 12], what is
strongly model dependent, we focus on the fitting of the
physical quantities given by the symmetry energy and its
slope.
There are many different parametrizations for the
QHD models in the literature, all of them chosen so as
to reproduce nuclear matter bulk properties. In a recent
work [13], an extensive review of 263 parametrizations
of different types of RMF models were analysed under
three different sets of constraints related to symmetric
nuclear matter, pure neutron matter, symmetry energy,
and its derivatives. In this paper, we utilize four of these
parametrizations: GM1, GM3 [14], NLρ [8] and NL3 [15]
to describe the properties of symmetric nuclear matter.
Not all of them satisfy the constraints investigated in
[13], but we perform some modifications on the usual pa-
rameters based on the symmetry energy and its slope
and in the conclusions section, we discuss possible con-
straints related to neutron star observational properties.
The value of the symmetry energy at saturation density
is well known to lie between 30 MeV and 35 MeV [16–
18]. The value of the symmetry energy slope is rather
more controversial. Although some results point towards
a very low value of slope, lower than 62 MeV [19, 20],
other studies indicate a much higher limit, up to 113
MeV [16, 21]. We follow this last prescription which is
very close to the limit of 115 MeV presented in Ref. [13].
Nevertheless, we can find in the literature values as high
as 150 MeV [11] or even higher than 170 MeV, as pointed
out in a recent work [22].
We study the influence of the energy symmetry and
its slope on three major properties of neutron stars: the
maximum mass, the radius of the canonical 1.4M⊙ and
the minimum mass that enables direct URCA effect.
To investigate these effects we utilize three different ap-
proaches. First, within the traditional σωρ models, we
vary the symmetry between acceptable values. After, in
order to investigate the individual effects of symmetry
energy and the slope, we fix L and vary S0 within the
σωρδ models. And then we perform the inverse situa-
tion, fixing S0 and varying L.
2This paper is organized as follows: we review the for-
malism of the QHD models with and without the δ meson
and the parametrizations used in this work. Then we
present the numerical results for the three approaches
and discuss the implications and validity of the results.
Finally we present the conclusions of our work.
II. THE FORMALISM
We use an extended version of the relativistic QHD [1],
whose Lagrangian density reads:
LQHD = ψ¯N [γ
µ(i∂µ − gvωµ − gρ
1
2
~τ · ~ρµ)− (mN − gsσ − gδ~τ · ~δ)]ψN +
1
2
(∂µσ∂
µσ −m2sσ
2)
+
1
2
(∂µ~δ∂
µ~δ −m2δδ
2)− U(σ) +
1
2
m2vωµω
µ +
1
2
m2ρ~ρµ · ~ρ
µ −
1
4
ΩµνΩµν −
1
4
Pµν ·Pµν , (1)
where ψN are the baryonic Dirac fields of the nucleons,
and σ, ωµ, ~δ and ~ρµ are the mesonic fields. The g
′s are
the Yukawa coupling constants that simulate the strong
interaction, mN is the mass of the nucleon (that we as-
sume next as 939 MeV), ms, mv, mδ and mρ are the
masses of the σ, ω, δ and ρ mesons respectively. The
antisymmetric mesonic field strength tensors are given
by their usual expressions as presented in [3]. The U(σ)
is the self-interaction term introduced in ref. [23] to fix
some of the saturation properties of the nuclear matter
and is given by:
U(σ) =
1
3!
κσ3 +
1
4!
λσ4. (2)
Finally, ~τ are the Pauli matrices. In order to describe
a neutral, beta stable nuclear matter, we add leptons as
free Fermi gases:
Llep =
∑
l
ψ¯l[iγ
µ∂µ −ml]ψl, (3)
The electron and muon masses are 0.511 MeV and 105.6
MeV respectively.
To solve the equations of motion, we use the mean
field approximation (MFA), where the meson fields are
replaced by their expectation values, i.e: σ → 〈σ〉 = σ0,
δ → 〈δ〉 = δ0, ω
µ → δ0µ 〈ω
µ〉 = ω0 and ρ
µ → δ0µ 〈ρ
µ〉
= ρ0. The MFA gives us the following eigenvalue for the
nucleon energy [3]:
EN =
√
k2 +M∗2N + gvω0 + gρ
τ3
2
ρ0, (4)
where M∗N is the nucleon effective mass:
M∗N =˙mN − gsσ0 − gδτ3δ0. (5)
We see that while the vector-isovector ρ meson splits
the energies, the scalar-isovector δ meson splits the
masses of the nucleons. The third Pauli matrix τ3 as-
sumes the value +1 (-1) for protons (neutrons).
For the leptons, the energy eigenvalues are those of the
free Fermi gas:
El =
√
k2 +m2l , (6)
and the meson fields become:
ω0 =
gv
m2v
(np + nn), (7)
δ0 =
gδ
m2δ
(nSp − nSn), (8)
ρ0 =
gρ
m2ρ
1
2
(np − nn), (9)
σ0 =
gσ
m2s
(nSp + nSn)−
1
2
κ
m2s
σ20 −
1
6
λ
m2s
σ30 , (10)
where nSp, nSn are the scalar densities, and np and nn
are the number densities of the protons and the neutrons
respectively and are given by:
nSB =
∫ kfB
0
M∗B√
k2 +M∗2B
k2
π2
dk,
nB =
k3fB
3π2
, and n =
∑
B
nB,
B = (p, n). (11)
To describe the properties of the nuclear matter, we
calculate the EoS from statistical mechanics [24]. The nu-
cleons and leptons, being fermions, obey the Fermi-Dirac
distribution. In order to compare our results with ex-
perimental and observational constraints, we next study
nuclear and stellar systems at zero temperature. In this
case the Fermi-Dirac distribution becomes the Heaviside
step function. The energy densities of baryons, leptons
and mesons read:
3ǫB =
1
π2
∑
B
∫ kf
0
√
k2 +M∗2B k
2dk, (12)
ǫl =
1
π2
∑
l
∫ kf
0
√
k2 +m2l k
2dk, (13)
ǫm =
1
2
(
m2sσ
2
0 +m
2
vω
2
0 +m
2
δδ
2
0 +m
2
ρρ
2
0
)
+ U(σ), (14)
where kf is the Fermi momentum, and we have already
used the fact that the fermions have degeneracy equal
to 2. The total energy density is the sum of the partial
ones:
ǫ = ǫB + ǫl + ǫm, (15)
and the pressure is calculated via thermodynamic rela-
tions:
P =
∑
f
µfnf − ǫ, (16)
where the sum runs over all the fermions (f = B, l) and
µ is the chemical potential, which corresponds exactly to
the energy eigenvalue at T = 0.
Now we couple the equations imposing β equilibrium
and zero total net charge:
µp = µn − µe, µe = µµ, np +
∑
l
nl = 0, (17)
where µp, µn, µe and µµ are the chemical potentials of
the proton, neutron, electron and muon respectively.
The equation of states developed in this work are
used as input to solve the Tolman-Oppenheimer-Volkoff
(TOV) equations [25], that describe a static, spherically
symmetric, relativistic star in hydrostatic equilibrium.
The neutron star crust is simulated by the BPS EoS [26].
To compare the different approaches we need the sym-
metry energy of the symmetric nuclear matter (np = nn),
which is defined as [6–8]:
S =
1
8
(
gρ
mρ
)2
+
k2f
6
√
k2f +M
∗2
−
(
gδ
mδ
)2
M∗2n
2(k2f +M
∗2)[1 + (gδ/mδ)2 · A(kf )]
, (18)
where
A(kf ) =
4
(2π)3
∫ kf
0
d3k
k2
k2 +M∗2
, (19)
is a function of the Fermi momentum (kf = kfp = kfn)
and the effective mass (M∗ = M∗p = M
∗
n) of symmet-
ric nuclear matter. According to Eq.(18), to fit the
bulk properties of nuclear matter, we are not able to fix
(gρ/mρ)
2 and (gδ/mδ)
2 independently. We then explore
a family of values that allow the symmetry energy to lie
between 30 and 35 MeV, bearing in mind that a maxi-
mum value (gδ/mδ)
2 = 2.6 fm−2 arises from the so called
BonnC potential [7, 8, 27].
It is useful to expand the symmetry energy S around
the saturation density (n0) in a Taylor series as [16]:
S = S0 + Lǫ+O(ǫ)
2, (20)
where S0 is the symmetry energy at nuclear saturation
point, and ǫ = (n0 − n)/3n0. The parameter L is the so
called slope of the symmetry energy, and is calculated at
nuclear saturation density as:
L = 3n
(
dS
dn
)∣∣∣∣
n=n0
. (21)
We can also define the slope for an arbitrary density
L(n) as [28]:
L(n) = 3n
(
dS
dn
)
. (22)
III. MODEL PARAMETERS AND RESULTS
We utilize four well-known QHD parametrizations to
fit the properties of nuclear saturation density. The nu-
clear saturation density, n0 ; binding energy per baryon,
B/A, the effective nucleon mass, M∗ and the nuclear
compression modulus K are fixed parameters and are
presented in Table I alongside the symmetry energy S0
and its slope L.
GM1 [14] GM3 [14] NL3 [15] NLρ [8]
(gs/ms)
2 (fm−2) 11.79 9.927 15.746 10.330
(gv/mv)
2 (fm−2) 7.149 4.820 10.516 5.421
(gρ/mρ)
2 (fm−2) 4.410 4.791 5.360 3.830
κ/MN 0.005894 0.017318 0.0041014 0.01387
λ -0.006426 -0.014526 -0.015921 -0.0288
n0 (fm
−3) 0.153 0.153 0.148 0.160
M∗/M 0.70 0.78 0.60 0.75
K (MeV ) 300 240 272 240
B/A (MeV ) -16.3 -16.3 -16.3 -16.0
S0 (MeV ) 32.49 32.49 37.40 30.49
L (MeV ) 93.7 89.7 118.4 85.0
TABLE I. Parameters and physical quantities for the original
GM1, GM3, NL3 and NLρ models.
Nevertheless, we consider the symmetry energy and its
slope as free parameter and divide this subject in three
parts.
4A. No δ meson
We first study the influence of S0 and L without the
δ meson, where the ρ meson determines simultaneously
the symmetry energy and its slope. The parameters uti-
lized in this approach are presented in Tables II, III, IV
and V for GM1, GM3, NL3 and NLρ respectively. It is
worth noting that the original NL3 [15] has the values
of 37.4 MeV and 118.4 MeV for S0 and L respectively.
Both values are in disagreement with the experimental
constraints [13, 16, 21]. However, we can fix this prob-
lem by redefining the coupling constant of the ρ meson,
requiring that the symmetry energy assumes reasonable
values.
From Tables II to V, we see that without δ meson, the
symmetry energy slope shows a perfect linear dependence
with S0. This effect is independent of the parametriza-
tion:
L = 3S0 + C, (23)
where the constant C is model dependent, but the angu-
lar coefficient is not.
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
3.880 - 30.49 87.9
4.145 - 31.49 90.9
4.410 - 32.49 93.9
4.677 - 33.49 96.9
4.936 - 34.49 99.9
TABLE II. S0 and L values for GM1 parametrization without
δ meson
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
4.260 - 30.49 83.7
4.525 - 31.49 86.7
4.791 - 32.49 89.7
5.055 - 33.49 92.7
5.319 - 34.49 95.7
TABLE III. S0 and L values for GM3 parametrization without
δ meson
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
3.458 - 30.40 97.4
3.733 - 31.40 100.4
4.006 - 32.40 103.4
4.280 - 33.40 106.4
4.552 - 34.40 109.4
TABLE IV. S0 and L values for NL3 parametrization without
δ meson
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
3.830 - 30.49 85.0
4.082 - 31.49 88.0
4.335 - 32.49 91.0
4.558 - 33.49 94.0
4.842 - 34.49 97.0
TABLE V. S0 and L values for NLρ parametrization without
δ meson
Without the δ meson, the variation of the symmetry
energy S0 implies a variation of the slope L. The symme-
try energy S (Eq.(18)) and the slope for arbitrary den-
sities L(n) (Eq.(22)) for GM1 and NL3 are plotted in
Fig.1.
We see that the symmetry energy and the slope grows
with the density and their lines never cross each other.
In other words, the parametrization with lower sym-
metry energy and slope at low densities remains the
parametrization with lower symmetry energy and slope
at high densities. The behaviour of GM3 and NLρ are
similar to those showed in Fig. 1.
Now, we solve the TOV equations [25] and plot the
results in Fig.2. The symmetry energy and its slope have
very little influence on the radii and almost zero influence
on the maximum masses. Indeed, the radii of the 1.4M⊙
varies about 0.2 km in all four parametrizations, always
increasing with the symmetry energy and the slope, while
the the maximum masses vary less than 0.02M⊙.
Lets us turn now to the direct URCA process. Cooling
of the neutron star by neutrino emission can occur much
faster if direct URCA process is allowed [29]. The direct
URCA (DU) process takes place when the proton fraction
exceeds a critical value xDU , which can be evaluated in
terms of the leptonic fraction [29, 30]:
xDU =
1
1 + (1 + x
1/3
e )3
, (24)
where xe = ne/(ne+nµ), and ne, nµ are the number den-
sities of the electron and the muon respectively. We plot
the proton fractions and the corresponding neutron star
masses that allow DU process for the four parametriza-
tions in Figs. 3 and 4 respectively. Although the macro-
scopic properties of the neutron stars suffer almost no
influence from the symmetry energy and its slope, the
minimum mass that enables DU process is strongly af-
fected by them, and could vary up to 25 %, reaching
0.3M⊙.
The possibility of DU process in neutron star interiors
is a subject of several studies [6, 30–34] and some ambigu-
ities are still present. While non relativistic models pre-
dict a minimum mass of 1.35M⊙ [30] or even higher [31]
to allow the DU process to occur, relativistic models in-
dicate that the minimum mass is as low as 0.8M⊙ [32].
Although there is no consensus about the minimum mass
that is able to trigger the DU process, it is reasonable to
5assume 1.1M⊙ as an inferior limit [33]. In this case, al-
most all the parametrizations without δ meson should be
avoided, as can be seen from by Fig. 4.
We resume the main results of this section in Table
VI. In general, the parametrizations that predict higher
maximum masses also predict larger radii for the canon-
ical mass and higher minimum mass that enables DU
process. However, this is not a general rule, since NLρ
predicts a higher mass than GM3 (2.11 M⊙ vs 2.04M⊙)
even with a lower radius value for the 1.4M⊙ (12.93 km
vs 13.07 km). Also, one can notice that the NLρ has a
bigger slope than GM3 (85.0 MeV vs 83.7 MeV with the
S0 = 30.49), indicating that the knowledge of the slope
L is not enough to infer the neutron star radius.
Model S0 (MeV) Mmax/M⊙ R1.4M⊙ MDU/M⊙ nDU (fm
−3)
GM1 30.49 2.39 13.72 1.26 0.305
GM1 31.49 2.39 13.76 1.17 0.290
GM1 32.49 2.39 13.80 1.10 0.279
GM1 33.49 2.38 13.84 1.04 0.267
GM1 34.49 2.38 13.91 0.98 0.255
GM3 30.49 2.04 13.07 1.10 0.327
GM3 31.49 2.04 13.12 1.04 0.309
GM3 32.49 2.04 13.16 0.98 0.293
GM3 33.49 2.04 13.22 0.93 0.280
GM3 34.49 2.04 13.26 0.89 0.267
NL3 30.40 2.81 14.44 1.28 0.258
NL3 31.41 2.81 14.48 1.20 0.249
NL3 32.40 2.80 14.51 1.11 0.241
NL3 33.40 2.80 14.54 1.04 0.232
NL3 34.40 2.79 14.61 0.98 0.225
NLρ 30.49 2.11 12.93 1.12 0.340
NLρ 31.49 2.11 12.97 1.05 0.323
NLρ 32.49 2.11 13.01 1.00 0.308
NLρ 33.49 2.11 13.07 0.95 0.295
NLρ 34.49 2.10 13.13 0.90 0.279
TABLE VI. Neutron star main properties without δ meson.
B. Fixing the slope L
In a second attempt, with the inclusion of the δ me-
son, we fix the slope and vary the symmetry energy to
study the influence of this quantity independently. The
parameters utilized in this approach are presented in Ta-
bles VII, VIII, IX and X for GM1, GM3, NL3 and NLρ
respectively.
We plot the density dependent symmetry energy S
and the the slope L(n) with fixed L for GM3 and NLρ
parametrization in Fig. 5.
When we fix the slope, the S and L(n) curves always
cross each other. The parametrizations that predict lower
values of S and L(n) at low density always predict high
values at higher densities, contrary to what was found in
the previous section. This is a global effect, present in our
four models. The reason is that alongside the repulsive
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
9.577 1.68 30.16 99.9
8.435 1.26 31.28 99.9
7.282 0.84 32.38 99.9
6.120 0.42 33.46 99.9
4.936 0.00 34.49 99.9
TABLE VII. S0 values with GM1 for a fixed slope at 99.9
MeV
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
12.521 2.40 30.15 95.7
10.850 1.80 31.32 95.7
9.025 1.20 32.42 95.7
7.183 0.60 33.48 95.7
5.319 0.00 34.49 95.7
TABLE VIII. S0 values with GM3 for a fixed slope at 95.7
MeV
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
6.80 1.04 30.11 109.4
6.246 0.78 31.19 109.4
5.690 0.52 32.28 109.4
5.127 0.26 33.36 109.4
4.552 0.00 34.40 109.4
TABLE IX. S0 values with NL3 for a fixed slope at 109.4 MeV
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
10.696 2.00 30.04 97.0
9.260 1.50 31.22 97.0
7.803 1.00 32.35 97.0
6.333 0.50 33.45 97.0
4.842 0.00 34.49 97.0
TABLE X. S0 values with NLρ for a fixed slope at 97.0 MeV
ρ meson, the attractive δ meson contributes both to the
symmetry energy and the slope. The δ meson, being
scalar, dominates at low densities, while the ρ meson,
being a vector meson, dominates at high densities. So,
to fix the slope at certain value, the lower the S and the
L(n) are at low densities, the higher they are at high
density.
Now we study this crossing effect in neutron star prop-
erties. We plot the mass/radius relation in Fig. 6. When
we fix the slope L, a curious behaviour appears. The radii
of canonical 1.4M⊙ in general decreases with the symme-
try energy. This effect, as far as we know, has not been
noticed before. Usually, when δ meson is not included,
the S0 is determined just by the ρ meson coupling, and
its slope is uniquely obtained. A correlation between L
and the neutron star radius is then seen [6]. When we fix
the slope, with the help of the δ meson, different values of
S0 are then obtained, and the correlation is lost. So, al-
6though the slope L give us significant information on the
behaviour of the masses, it is not enough to determine
the neutron star radius, since different parametrizations
with the same value of L cause variations of up to 1.7
km.
We can also see, that for GM3 and NLρ, as S0 in-
creases the radius first increases a little, then strongly
decreases. This behaviour could indicate that, in these
parametrizations, the value utilized for the slope L (95.7
for GM3 and 97.0 for NLρ) is too large for a symmetry
energy S0 around 30 MeV.
The maximum mass changes a little more than in the
case without δ meson, but it is still not significantly al-
tered, being not superior to 0.05M⊙.
To study the DU process, we plot the proton fraction
in Fig. 7. We see that the same behaviour present in
the symmetry energy S and in the slope L(n) is observed
in the proton fraction Yp, i.e. the parametrizations with
lower values of Yp at low densities are those with higher
values of it at high densities. The reason again lies in the
competition between the scalar δ meson and the vector ρ
meson. The δ meson dominates at low densities, reducing
the mass of the neutrons and increasing the mass of the
protons, favouring neutron population. However, at high
densities the ρ meson dominates, reducing the proton
chemical potential. This inversion of lower/higher proton
fraction in all models happens for densities above the
critical value of xDU .
The corresponding neutron star mass that allows the
DU process is shown in Fig. 8. We see that, in general,
increasing the symmetry energy S0 leads to a reduction of
the minimum mass that enables the DU process, as in the
case without δ meson. It implies that, if on one hand the
symmetry energy S0 has little influence on the radius of
the canonical 1.4M⊙ neutron star, on the other hand, it
has a strong influence on the minimum mass that enables
DU process, (although the slope L still contributes). We
see that even different parametrizations result in very
similar masses with similar values of S0. Also, it is worth
noting that when the symmetry energy increases from ≈
30 to ≈ 31 MeV, the minimum masses for GM3 and NLρ
also increase. This effect is similar to the one present
in the radius/symmetry energy relation, and again could
indicate that the values of L are too large for S0 around
30 MeV.
We resume this section in Table XI.
We see that although different values of the symmetry
energy produce different minimum masses that enable
the DU process, the central density n are very similar.
This is due to the fact that the proton fractions cross
each other in a density close to the xDU .
C. Fixing the symmetry energy S0
Finally, our last approach is to fix the S0 value to study
the direct influence of the slope L. The parameters ob-
tained with this approach are presented in Tables XII,
Model S0 (MeV) Mmax/M⊙ R1.4M⊙ MDU/M⊙ nDU (fm
−3)
GM1 30.16 2.44 15.56 1.41 0.266
GM1 31.28 2.42 15.29 1.33 0.265
GM1 32.38 2.41 14.98 1.24 0.262
GM1 33.46 2.39 14.50 1.10 0.258
GM1 34.49 2.38 13.91 0.98 0.255
GM3 30.15 2.09 14.29 1.15 0.277
GM3 31.32 2.09 14.70 1.18 0.275
GM3 32.42 2.09 14.63 1.16 0.274
GM3 33.48 2.07 14.17 1.05 0.271
GM3 34.49 2.04 13.26 0.89 0.267
NL3 30.11 2.83 15.57 1.35 0.237
NL3 31.19 2.82 15.40 1.27 0.235
NL3 32.28 2.81 14.20 1.17 0.231
NL3 33.36 2.80 14.93 1.07 0.228
NL3 34.40 2.79 14.61 0.98 0.225
NLρ 30.04 2.16 14.44 1.22 0.290
NLρ 31.22 2.16 14.55 1.23 0.289
NLρ 32.35 2.14 14.33 1.16 0.287
NLρ 33.45 2.12 13.88 1.05 0.284
NLρ 34.49 2.10 13.13 0.90 0.279
TABLE XI. Neutron star main properties with fixed L.
XIII, XIV and XV for the GM1, GM3, NL3 and NLρ
respectively. Note that GM1 and GM3 parametrizations
keep the original value of S0, fixed at 32.49 MeV. How-
ever, for NLρ and NL3, we change the values from 30.49
MeV to 31.49 MeV and from 37.40 MeV to 33.40 MeV
respectively, so that the the L values are no more than 1
MeV apart from each other.
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
14.687 3.00 32.49 118.4
12.991 2.50 32.49 113.9
11.287 2.00 32.49 109.6
9.578 1.50 32.49 105.4
7.858 1.00 32.49 98.5
4.410 0.00 32.49 93.9
TABLE XII. L values with GM1 for a fixed symmetry energy
at 32.49 MeV
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
13.620 2.50 32.49 103.3
11.864 2.00 32.49 100.4
10.103 1.50 32.49 97.5
8.336 1.00 32.49 94.8
4.791 0.00 32.49 89.7
TABLE XIII. L values with GM3 for a fixed symmetry energy
at 32.49 MeV
If the symmetry energy is fixed, the δ meson always
forces the slope to increase, as pointed in Ref. [8]. We
also see that, although we are able to always construct
7(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
12.444 2.50 33.40 139.2
10.828 2.00 33.40 132.1
9.204 1.50 33.40 125.3
7.571 1.00 33.40 118.8
4.280 0.00 33.40 106.9
TABLE XIV. L values with NL3 for a fixed symmetry energy
at 33.40 MeV
(gρ/mρ)
2 (fm−2) (gδ/mδ)
2 (fm−2) S0 (MeV) L (MeV)
12.795 2.50 31.49 105.1
11.064 2.00 31.49 101.4
9.331 1.50 31.49 97.9
7.589 1.00 31.49 94.5
4.070 0.00 31.49 88.0
TABLE XV. L values with NLρ for a fixed symmetry energy
at 31.49 MeV
an EoS with reasonable values of symmetry energy, some
parametrizations have too large values of L (L > 113
MeV). We keep these parametrizations for the sake of
comparison.
We plot the density dependent symmetry energy S and
the slope L(n) for this approach in Fig. 9 for GM1 and
NLρ parametrization. Fixing S0 rather than fixing L
causes the crossing of the curves to take place at lower
densities. When we fix the slope L, the crossing of L(n),
which obviously always happened at n = n0 in the pre-
vious case, now happens at densities around 0.6n0, while
the symmetry energy crossing, which happened around
1.8n0, now obviously happens at n = n0.
We plot the TOV solution in Fig. 13. The effect of the
slope L on neutron star properties was already studied in
previous works [6, 11, 12]. Increasing the slope, the radii
of canonical 1.4M⊙ increases, as pointed out in ref. [6].
However, we can see that there is a limit. If the slope
increases too much, the radii begins to drop again. We
found that there is a maximum value of the neutron star
radius. This maximum possible value could also indicate
that there is a theoretical superior limit of acceptable
values for the slope L for a fixed symmetry energy S0.
Moreover, as pointed out earlier, the fact that a fixed
L produces differences of up to 1.7 km on the radii of
the canonical 1.4M⊙ indicates that although the slope
gives us insight about the radii it is not enough to fully
determine it. And again, the symmetry energy and its
slope have almost no influence on the maximum mass of
the neutron star.
Now we return to the DU process and plot the pro-
ton fraction in Fig. 11. Fixing the symmetry energy S0
causes the crossing to happens for densities below those
which enable DU process. This is expected since this
behaviour was already found in the density dependent
symmetry energy S0, and its slope L(n).
The minimum mass that enables DU process for fixed
symmetry energy is plotted in Fig. 12 from where we see
that there is an oscillation in the mass, that could again
be associated with a too large value of L. It is interest-
ing to note that although the NL3 has a higher value of
maximum mass, GM1 produces a larger minimum mass
which enables DU process.
The main results are shown in Table XVI.
Model L (MeV) Mmax/M⊙ R1.4M⊙ MDU/M⊙ nDU (fm
−3)
GM1 93.9 2.39 13.80 1.10 0.279
GM1 98.5 2.43 15.17 1.30 0.267
GM1 105.4 2.44 15.58 1.28 0.250
GM1 109.6 2.44 15.81 1.31 0.243
GM1 113.9 2.44 15.85 1.30 0.237
GM1 118.4 2.40 14.29 1.02 0.232
GM3 89.7 2.04 13.16 0.98 0.293
GM3 94.8 2.09 14.48 1.15 0.275
GM3 97.5 2.10 14.68 1.15 0.267
GM3 100.4 2.09 14.58 1.11 0.260
GM3 103.3 2.07 14.23 1.03 0.254
NL3 106.9 2.80 14.54 1.04 0.232
NL3 118.8 2.83 15.65 1.17 0.219
NL3 125.3 2.83 15.86 1.19 0.213
NL3 132.1 2.83 15.84 1.18 0.209
NL3 139.2 2.82 15.56 1.16 0.206
NLρ 88.0 2.11 12.97 1.05 0.323
NLρ 94.5 2.16 14.24 1.19 0.298
NLρ 97.9 2.17 14.49 1.20 0.285
NLρ 101.4 2.16 14.43 1.16 0.276
NLρ 105.1 2.15 14.10 1.09 0.269
TABLE XVI. Neutron star main properties with fixed S0.
Finally we return to the question of the radii of the
canonical 1.4M⊙. We pointed out that the slope alone
does not give us enough information to determine them
with precision. We rise a hypothesis that it is not the
slope L but the variation of L(n) at sub-threshold densi-
ties that is correlated with the neutron star radii.
We have arbitrarily calculated the value ∆L =
L(1.25)−L(0.75) and plotted the results of all three ap-
proaches in Fig. 13.
We see that the neutron stars radii grow with ∆L,
reach a maximum, and drop again. This explains the
fact that the same slope causes variations of up to 1.7
km in the radii and the oscillation in the radii with the
increase of the slope. We can also see that there is a
maximum value of the radii that depends on ∆L.
Moreover, this could indicate that the values of ∆L
beyond the maximum radius are too large, limiting the
maximum value for the slope L. For GM1 and NL3 these
values are 113.9 MeV and 125.3 MeV for S0 equal to 32.49
MeV and 33.40 MeV respectively. The NL3 value is ruled
out, since experiments point to a maximum value of 113
MeV [16, 21] and not larger than 115 MeV [13] and the
GM1 value is too close to the accepted limit. However,
for GM3 and NLρ the values of L beyond the maximum
radii are 97.5 MeV and 97.9 MeV for S0 equal to 32.49
8MeV and 31.49 MeV respectively. The results can be
even lower. For S0 equal to 30.15 MeV and 30.04 MeV
in GM3 and NLρ respectively, the values of L, which re-
spectively are 95.7 MeV and 97.0 MeV, yielding values
of ∆L that are already beyond the maximum radii, indi-
cating a relatively low theoretical superior limit for the
slope L.
IV. FINAL REMARKS AND CONCLUSIONS
In this work we discuss the role of the symmetry energy
and the slope on neutron star properties. To accomplish
that, we divide our study in three different fronts, varying
both S0 and the related L in the traditional σωρ model,
fixing L and varying S0 within the σωρδ model, and vice-
versa. We then obtain the maximum masses of neutron
star, the radii of the canonical 1.4M⊙, and the minimum
mass that enables direct URCA process for each case.
We see that the maximum mass is not very much
influenced by both S0 and L and the differences are
never larger than 0.06M⊙. Since the EoS of β stable
matter is very little sensitive to the variations of the
symmetry energy and its slope [6, 11], we do not plot
these graphs, which can be easily found in the litera-
ture [3, 11, 12, 35, 36].
We have confirmed that the radii of the canonical 1.4
M⊙ is not affected by the symmetry energy S0, whereas
in some cases the radii increase with it, while in others,
there is a decrease. Nevertheless, the radii is correlated
with a variation of the slope ∆L. The radii increase with
∆L up to a maximum value, then drop again. This be-
haviour can be associated with a maximum theoretical
value of L, and provide a possible constraint to nuclear
matter. Our models predict radii from 12.9 km to 15.9
km. We are unable to explain the large pulsars as RX
J1856.5-3754 [37] with radius of 17 km, neither the very
small ones as those pointed out in Ref. [20, 38] with radii
lying between 9-12 km. Neutron stars with small radii,
are generally related to very low slope L, as suggested
in some works [19, 20]. There is a QHD model that re-
produces a low slope, the FSU [39]. However, previous
studies [6, 40] indicate that the maximum mass within
the FSU model is only 1.7 M⊙, and in the light of the
recent super massive pulsars [41, 42], the FSU model can-
not represent the ultimate EoS of nuclear matter. These
controversial results alongside the possibility of a slope as
high as 170 MeV [22] led us to believe that the neutron
star radii is still an open puzzle.
Finally we study the influence of the symmetry energy
and its slope on direct URCA process, which is directly
related to the proton fraction Yp. The minimum mass
that enables DU process changes dramatically with the
symmetry energy S0. Indeed the variation of the mini-
mum mass can reach more than 50%. Studies of neutron
star cooling [32, 33] should be used to constrain nuclear
matter.
We next discuss the validity of our models in the light
of experimental constraints of nuclear matter besides the
symmetry energy and the slope, based in the discussion
presented in Ref. [13]. The first physical quantity checked
in [13] is the compressibility K, where the experimen-
tal results point to values between 190 - 270 MeV. This
implies that while GM3 and NLρ fulfil this constraint,
GM1 and NL3 have to be used with care, since both
have values of K higher than 270 as pointed out in Ta-
ble I. Recently, new constraints from re-analysis of data
on GMR energies [43, 44] became available, suggesting
that the compressibility values could move to somewhat
higher values, 250 - 315 MeV. If this is confirmed, then
GM3 and NLρ are the parametrizations that would be
slightly out of the desired range.
The second physical quantity is the pressure of sym-
metric matter up to densities five times the nuclear satu-
ration density, based on Ref. [45]. This constraint was al-
ready studied in other works [6, 13, 46], and again, while
it is satisfied by the GM3 and NLρ, GM1 and NL3 are
outside the experimental region of the pressure. However,
as pointed in Ref. [46], GM1 can fulfil this constraint if
we assume that hyperons populates the nuclear matter
at high density.
In Ref. [13], the S0 and L values are also discussed.
S0 is assumed to lie between 30 - 35 MeV, exactly as
indicated in ref. [16–18]; and the maximum value of L
being 115 MeV, which is very close of 113 MeV [16, 21]
used in our work.
Nuclear astrophysics also provide constraints for nu-
clear matter. For instance, the discovery of two super-
massive pulsars [41, 42] indicates a moderate stiff EoS
for high density. Moreover, the possible existence of a
2.7 solar mass, correspondent to the pulsar PSR J1311-
3430 [47], indicates a very stiff EoS.
Since the δ scalar-isovector meson always increase the
slope [8], in this work we have studied models with high
values of L. The next step of our work is study models
with low slope adding a non linear ω − ρ coupling as in
the FSU parametrization [39]. Although the FSU model
seems to fail the description of super massive pulsars, we
can add this term in the standard parametrizations, as
we did with the δ meson, and check if there is analogous
results as a minimum neutron star radii.
Moreover, at high densities, strange content particles
can be created [3]. However, they bring several ambigu-
ities since we do not know the strength of the hyperon-
meson interaction [46, 48] implying that the maximum
mass can vary up to 100% [3]. Also, when hyperons are
present, strange mesons could be important to mediate
the hyperon-hyperon interactions [46, 48–50]. Alongside
hyperons, strong magnetic fields [51], strongly affects the
macroscopic properties of the neutron star. Works along
these lines are in progress.
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FIG. 1. (Color online) (Top) Symmetry energy S as function of density and (Bottom) slope of the symmetry energy L(n) as
function of density with the σωρ model.
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FIG. 2. (Color online) Neutron star mass-radius relation without δ meson.
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function of density with fixed S0.
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FIG. 10. (Color online) Neutron star mass-radius relation with fixed S0.
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FIG. 11. (Color online) Proton fraction Yp and the critical value xDU with fixed S0.
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FIG. 12. (Color online) Minimum mass that enable DU pro-
cess with fixed S0.
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FIG. 13. (Color online) Neutron star radii as function of the
variation of the slope ∆L.
